Abstract. We prove a positive mass theorem for some noncompact spin manifolds that are asymptotic to products of hyperbolic space with a compact manifold. As conclusion we show the Yamabe inequality for some noncompact manifolds which are important to understand the behaviour of Yamabe invariants under surgeries.
Introduction
Let (M, g) be a Riemannian manifold of dimension m ≥ 3. For compactly supported smooth functions u : M → R we define ) is a conformal invariant -the well-known Yamabe constant that was defined in order to tackle the Yamabe problem: Does every compact Riemannian manifold admit a conformal metric with constant scalar curvature? One of the main step in the solution of the Yamabe problem is to prove the inequality Q * (M m ) < Q * (S m ) for compact manifolds not conformally diffeomorphic to the standard sphere. For m ≥ 6 and M not conformally flat, this was proven with a test function supported in an arbitrarily small ball around a point with non-vanishing Weyl curvature, see [5, p. 292 ]. This argument also holds for noncompact manifolds that are not conformally flat in the case m ≥ 6. The remaining cases for compact M were solved by Schoen in [11] using the positive mass theorem [12, 13] . It is natural to ask whether this also holds for noncompact manifolds. The special case of S n × H k+1 c was needed in [3] . In the present article we prove Corollary 1.1. Let m = n + k + 1, m ≥ 3, k > 0, and c ∈ [0, 1). Then
To prove this corollary we have to establish for such manifolds with m = 3, 4, 5 a positive mass theorem. 
Then the mass of (Z, g) is nonnegative. Moreover, if the mass of (Z, g) is zero, then
In Theorem 5.1 we prove a more general version of the theorem above where we allow that are asymptotic to manifolds Z as above assuming a certain symmetry and for arbitrary dimension m ≥ 3. The basic idea of the proof follows Witten's arguments for proving the positive mass theorem for compact spin manifolds. In the proof we need some decay estimates for the Green functions which will be given in Section 4.
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Preliminaries
2.1. Notations. In the article a spin manifold always means a manifold admitting a spin structure together with a fixed choice of spin structure. The notion of spin structures can be defined for arbitrary oriented manifolds, but as soon as we have a Riemannian metric it yields a spin structure in the sense of Spin(n)-principal bundles. For a Riemannian spin manifold (M, g) we will always write Σ M for the spinor bundle. The Dirac operator on (M, g) is denoted by D g . Moreover,B r (x) denotes the closed ball around x ∈ M of radius r w.r.t. the metric g. Furthermore, S k always denotes the sphere with sectional curvature 1 and the corresponding metric is denoted by σ k .
2.2.
Green functions and ADM mass. In this section, we collect existence results for the Green function of the conformal Laplacian and the Dirac operator and give the definition of the mass which essentially goes back to Arnowitt, Deser and Misner.
) be a complete Riemannian spin manifold with positive injectivity radius. Assume that for an r > 0 that is smaller than the injectivity radius there are constants
Then, D g posesses a unique Green function, i.e., there is a smooth section
M that is locally integrable and for any x ∈ M , ψ 0 ∈ Σ M | y , and
Proof. For a reference see [2, Prop. 3.6 ]. In the proof therein of the existence of a Green function we use the assumption of bounded geometry only for uniform volume bounds and the positive injectivity radius which we directly put in here as an assumption.
) be a complete Riemannian manifold with positive injectivity radius. Assume that for an r > 0 that is smaller than the injectivity radius there are constants
Moreover, Γ is everywhere positive. If we assume additionally that on an open subset U the metric g is conformally flat and p 0 ∈ U , then the Green function has the following expansion in conformal normal coordinates as
where r = dist g (x, p 0 ), ω m−1 is the volume of S m−1 , and m p0 ∈ R.
Proof. Fix p 0 ∈ M and ψ 0 ∈ Σ M | p0 . For the rest of the article we set u(.) := Γ(., p 0 ) and ψ(.) := G(., p 0 )ψ 0 .
2.3.
Symmetries. In this section we introduce the manifolds M Z we merely want to consider in this paper. Moreover, we collect the implications of the symmetry assumptions on M Z on the Green functions.
Definition 2.4 (Model spaces at infinities). Let (N n , g N ) be a closed Riemannian spin manifold of dimension n ≥ 0, and let f : [a, ∞) → R be a smooth positive function such that f (r) → ∞ and f
with m = n + k + 1. 
In order to see this, we rewrite this as a first order ODE system and use Theorem 2.11. Thus, by
2 as r → ∞. Moreover, the unnormalized mean curvatures of N × S k and S k in Z are both given by
Notation 2.8. From now on assume that (M Z , g) is an m-dimensional connected Riemannian spin manifold with an isometric SO(k + 1)-action with a lift to a Spin(k + 1)-action on the spinor bundle. Moreover, M Z shall be Spin(k +1)-equivariantly spin isometric to (Z, g Z ) outside a compact subset.
Remark 2.9. Note that by f −1 f ′′ → c 2 and f → ∞, the manifold has positive injectivity radius and its curvature tensor is uniformly bounded. Thus, by comparison theorems we have the uniform volume bounds required in the results on the Green function in Subsection 2.3. Proof. Since the Green function and the conformal Laplacian are both SO(k + 1)-invariant, it follows by the uniqueness of the Green function that u| Z is only a function of r.
The claim for ψ is proven completely analogously to [2, Lem. 
. . , r d be the real parts of the eigenvalues of J -listed with multiplicities. Then the differential equation
has linearly independent solutions x 1 (t), . . . , x d (t) with the following property: For all ε > 0 there is t 1 such that for all t ≥ t 1
Positive mass theorem and decay of the Green functions
In [14] E. Witten gave a proof of the positive mass conjecture for spin manifolds. A simplified version of this proof was given by E. Humbert and the first author in [4] . In this section we examine conditions such that the result remains true for general noncompact spin manifolds.
For that we need to assume decay conditions for the involved Green functions in order to show convergence of some integrals at infinity. 
Using the decay estimates we obtain 
where
Note that by the assumptions on f and its derivatives we have scal g → scal N − k(k + 1)c 2 := s as r → ∞. We decompose the space of smooth functions on N × S k into minimal subspaces which are generated by common eigenfunctions of the commuting operators ∆ N and ∆ S k . If we extend those eigenfunctions constant in r-direction, we obtain a decomposition of the space of smooth functions on N × S k × [a, ∞). In that sense we decompose u = i,l u i,l where
which can be written as
Since u ∈ L 2 , each u i,l ∈ L 2 as well. Multiplication of (5) with u i,l and partial integration shows that ∂ r u i,l ∈ L 2 . Moreover, note that J is constant and that R(r) → 0 as r → ∞. The matrix J has the eigenvalues α i,± = − For the second estimate we first use that ∂ r u ∈ L 2 and set α
for positive constants C, C ′ , C ′′ . Now we can estimate ∂ r u by using the triangle inequality, Cauchy-Schwarz inequality und the estimates from above:
If we can show that A is bounded, then the upper bound is established for −α − := α
Together with Weyl's asymptotic law there is an i 0 > 0 and an δ > 0 such that for all i ≥ i 0 , x ≥ µ i0 we have
(where c depends on the geometry of S k ). Thus, (c − δ)µ
≥ N (µ i ) ≥ i and we obtain for r > r 1 > r 0 i≥i0 (−2α
1/k where c 0 , c 1 , c 2 are positive constants. The last sum converges since the integral 2 ψ = ρ 2 ψ, and P := D S k /ρ with λ, ρ ∈ R. All these operations commute with parallel transport in r-direction, so by applying parallel transport in r-direction we obtain spinors ψ, ∂ r · ψ, P ψ, and ∂ r · P ψ on Z = N × S k × [a, ∞) with similar relations, and the space of all spinors of the form 
where Id is the identity matrix and Then for ε > 0 and r large enough we get for x = (x N , x S , r) ∈ Z the estimates (using Definition 2.3)
where β = kc 2 + λ N .
Proof of Theorem 1.2
With the preparations on the Green function decay on (M Z , g) in the last two subsections we are now ready to apply Theorem 3.1.
) be a Riemannian spin manifold as described above, for a precise Definition see Notation 2.8. If m ≥ 6, assume additionally that there is a point p ∈ M such that (M Z , g) is conformally flat on a neighbourhood of p. We assume that the conformal Laplacian and the Dirac operator on (M Z , g) are invertible. Furthermore, let
where λ 2 N , λ N ≥ 0, is the smallest eigenvalue of the square of the Dirac operator, and
.
Then the mass of (M Z , g) is nonnegative. Moreover, if the mass of
Proof. First we note that n > 1, since otherwise L g cannot be invertible. By Lemmata 4.1 and 4.2 we can apply Theorem 3.1 for
Since ε can be chosen arbitrarily small, (6) is exactly the condition assumed in (3). Thus, we obtain that the mass at p 0 is nonnegative. Assume now that the mass is zero. Then, by Theorem 3.1 M \ {p 0 } is conformally flat. By Lemma A.1 one of the following cases occurs (where G is always finite): 
